LIMITING ABSORPTION PRINCIPLE ON MANIFOLDS 
HAVING ENDS WITH VARIOUS RADIAL CURVATURES 



HIRONORI KUMURA 



Abstract. This paper study the nature of the Laplacian on a noncompact 
complete Riemannian manifold with ends each of which has different limits of 
radial curvature at infinity. We shall prove the limiting absorption principle on 
those manifolds, from which the absolute continuity of the Laplacian follows. 
Note that our method is a classical one, that is, the integration by parts 
arguments. 



1. Introduction 

The Laplace-Beltrami operator A on a noncompact complete Riemannian mani- 
fold (M, g) is essentially self-adjoit on Cfi°(M) and its self-adjoit extension to L 2 (M) 
has been studied by several authors from various points of view. The purpose of this 
paper is to prove the limiting absorption principle and absolute continuity of the 
Laplacian on a Riemannian manifold having ends with various radial curvatures. 
Manifolds with various types of ends has been considered mainly on hyperbolic or 
asymptotically hyperbolic cases and sectional curvatures on their ends converge to 
a common constant at infinity (see Mazzeo-Melrose [21], Mazzeo [50], Perry [21], 
Bouclet [3] and so on). In this paper, we shall treat a manifold having ends with 
various radial curvatures from more geometric points of view, that is, from the 
viewpoint of shape operators of the level hypersurfaces of a distance function. It 
is important to clarify the structure of the spectrum of the Laplacian because it 
determines the asymptotic behavior of the solution of the wave equation or time- 
dependent Schrodinger equation as time tends to plus or minus infinity. To take 
a notable fact due to Ruelle [28] (see also pQ), if u is a vector of the absolutely 
continuous subspace, then the wave function e zAt u decays locally as t — > ±oo; that 
is, the states in the (absolutely) continuous subspace correspond to the scattering 
states. On the other hand, if u is an element of the pure point subspace, the wave 
function e~ lAt u remains localized for all time teR; that is, the states in the pure 
point subspace correspond to the bound states. 

We shall introduce some terminology and notations to state our results. Let 
(M, g) be an n-dimensional noncompact complete connected Riemannian manifold 
and V an open subset of M. In general, we shall say that M — V is an end with 
radial coordinates if and only if V has a compact connected C°°-boundary dV such 
that the outward normal exponential map exp^y : N + (dV) — > M — V induces 
a diffeomorphism, where N + (dV) — {w £ T(dV) | w is outward normal to dV}. 
We assume that there exists a relatively compact open subset U of M such that 
connected components of M — U consists of a finite number of ends E\ , E 2 , • • ■ , E m 



with radial coordinates; 



M - U = Ex U E 2 U • • • U E m (disjoint union), (m > 1). 

Let r : M — U — > R denote the distance function to J7. We shall say that a plane 
7r C T X M (a; e M — £/) is radial if 7r contains Vr, and, by the radial curvature, we 
mean the restriction of the sectional curvature to all the radial planes. It will be 
convenient to denote by if ra d. the radial curvature. 

For convenience, we shall say that an end E satisfies the condition "SFF(^, S)" 
if there exist constants a > and 6 € (0, 1) such that 

(1) Vdr- -(g-dr®dr) = (r^ 1 - 5 ) on E; 

we shall also say that an end E satisfies the condition "SFF(— k, <5)" if there exist 
constants k > and 5 e (0, 1) such that 

(2) \Vdr - k(g - dr ® dr)\ = O (r- 1 ^) on E. 

("SFF" stands for "second fundamental form"). Note that Hessian Vdr of the 
distance function r is the second fundamental forms of each level hypersurface of the 
function r and that Vdr expresses the growth of the metrics on level hypersurfaces. 
We assume that there exists a sequence of real numbers 

= k\ = k 2 = ■ ■ ■ = k ma < fc mo +i — < ' ' ' < k m 

and positive real numbers 

di, 02, • • • , a mo 

such that 

(3) £^ satisfies SFF (— (1 < j < m ); 

(4) satisfies SFF(-fc j ,^-) (m + 1 < i < m), 

where < too < to is an integer. 7/ too = 0, we mean that every end satisfies (2) 
with some positive constants k and S and that there is no end satisfying (1) with 
any positive constants a and 8, and hence, {ai, a 2 , • • • , a m „} = 0. 

It may be interesting to reconsider our condition (2) from the viewpoints of 
curvatures; note that the condition (2) is satisfied if the following (2') holds: 



(2') 



'Vdr > on dE, 

> K lad . = -k 2 + (r- 1 -^ on E, 



where 5' is a constant satisfying < 5' < 5. This fact is proved by the comparison 
theorem in Riemannian geometry. As for the condition (1), if Vdr = -(g — dr®dr) 
holds on E, the radial curvature i^ ra d. is a(l — a)/r 2 ; in particular, if a € (0,1), 
i^rad. > 0; if a = 1, if rad . = 0; if a > 1, if rad . < 0. 

In order to state our theorems, we need to introduce some more notations. Let 
v g be the Riemannian measure of (M,g). For any real number s, let L 2 (M,v g ) 
denote the Hilbert space of all complex-valued measurable functions / such that 
|(1 + r) s f\ is square integrable on M; its inner product and norm will be denoted 
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as follows: 



{f,9)mM,v g )= / (! + r{x)) 2s f{x)g{x)dv g {x)] 

J M 



\Ll(M,v g ) ~ \J(f, f)Ll(M,v g )- 



We denote by R(z) the resolvent (—A — z) _1 of —A for z E p(—A), where p(— A) 
stands for the resolvent set of —A. For real numbers t and t', we also denote 
by B(i, t') the space of all bounded operators T on L^(M, v g ) into L^,(M, v g ) with 
Dom (T) = L\(M, v g ); B(i, t') is a Banach space with the operator norm || * ||B(t,t')- 
We set 

S = min {5j | 1 < j < m} ; 



c, = 



J 3 

for 1 < j < mo; 

— for too + 1 < j < m 



and denote 

/= (( Cl ) 2 ,^)-{(c,) 2 | j = 2, 3, - - ■ ,m}; 

n+ = {z = a + ib e C I a > (ci) 2 , b > 0} - {(c^) 2 | j = 2, 3, ■ ■ ■ ,m} ; 

II = {z = a + ib e C | a > ( Cl ) 2 , 6 < 0} - {(c^) 2 | j = 2, 3, ■ ■ ■ ,m} . 
Now let us state our main results. 

Theorem 1.1 (Principle of limiting absorption). Let (M,g) be an n- dimensional 
connected complete Riemannian manifold. Assume that there exists a relatively 
compact open subset U of M such that each connected component of M — U, denoted 
by Ei,E 2} - ■ ■ ,E m , has radial coordinates (to > 1). Assume that there exists real 
numbers 

= fcl = k 2 = ■ ■ ■ = fc mc < + 1 < < ' ' ' < k m 

and positive real numbers 

such that conditions (3) and (4) hold. Furthermore, for the first end E\, assume 
that 

(5) Ric 9 (Vr, Vr) > -(n - 1)^^ on E x if k x = 0, 
or 

(6) Ric 9 (Vr,Vr) > -(n- 1) j(/ci) 2 + Mill on ^ if fci > 0, 



where b\[t) is a positive-valued function of t G [0,oo) satisfying lim t ^ 00 6i(t) = 0. 
Lei s and s' be real numbers satisfying 



< s' < s < min |a min , ^ j ; s' + s < (5 := min{<5i, 



w/iere a m i n = min{ai, • • • , a mo }. Then, in the Banach space B(i + s, — \ — s'), we 
have the limit 

R(X ± i 0) = limi?(A ± ie), A e I (double sign in same order). 



Moreover, this convergence is uniform on any compact subset of I, and hence, R(z) 
is continuous on IT + and II with respect to the operator norm | * Hefi+s - 1 -s') by 
considering R(X + i 0) and R(X — iO) on II + D (0, oo) and II n (0, oo), respectively. 

Note that the condition (6) above is satisfied, when the condition (2') holds on 
the end E\. 

In order to state the next theorem, let us recall some terminology from spectral 
theory: let H be a self-adjoint operator on a Hubert space X and E(A) (A 6 B) 
denote the spectral measure of H on the Hilbert space X, where B stands for the 
set of all Borel sets of the real line R. ('Spectral measure' is also called 'spectral 
decomposition' or 'spectral projection'). Any u G X defines the measure m u (A) = 
(E(A)u, u)x (A e B) on R, whose nature classifies vectors in X as follows: set 

X pp = the closure of the linear hull of eigenvectors of H, 
X c = {u E X | m u ({a}) — for any a £ R} ; 

X pp and X c axe closed sunspace of X, are orthogonal complement to each other, and 
reduce H; X pp and X c are called the pure point subspace of H and the continuous 
subspace of H , respectively. Let | * | denote the Lebesgue measure on the real line 
R. The continuous subspace X c is further decomposed as follows: set 

X ac = {tie 1 m u is absolutely continuous with respect to | * |}, 
A'sc = {u e X \ m u is singular continuous with respect to | * |}; 

AT ac and X sc are closed subspace of X c , are orthogonal complement to each other, 
and reduce H; 

X c = A" ac © A^ sc ; 

AT ac and X sc are called the absolutely continuous subspace of H and the singular 
continuous subspace of H , respectively. Thus, X is decomposed into the direct sum 
of three closed subspaces: 

(*) X = X pp ® X^ ® X sc , 

where A" pp , X ac , and X sc are orthogonal to each other and reduce H; hence, cor- 
responding to the decomposition (*), H decomposes into the direct sum of three 
self-adjoint operators: 

H = H pp © H& c © H sc . 

If H = H ac , that is, if X = X ac , H is said to be absolutely continuous. Also, 
if H = H sc , that is, if X = X sc , H is said to be singular continuous. Moreover, 
if H\e(j)x is absolutely continuous for an open interval J of R, H is said to be 
absolutely continuous on J. (For the facts mentioned above, see, for example, [2] 
Chapter 10, or [26J VII.2 ). 

Theorem 1.2. Under the assumption of Theorem 1.1, a css (~ A) = [(ci) 2 ,oo) and 
—A is absolutely continuous on ((c!) 2 ,oo), where a css (— A) stands for the essential 
spectrum of —A. In particular, —A has no singular continuous spectrum. 

Corollary 1.1. Let (M,g) be an n-dimensional Riemannian manifold as in The- 
orem 1.1. If M has at least one end satisfying (3) and (5), then —A is absolutely 
continuous on (0, oo) and is not the eigenvalue of —A. 
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Corollary 1.1 means that incoming particles will encounter no effective geometric 
obstacle and will ultimately recede to infinity. 



Corollary 1.2. Let (M,g) be an n- dimensional Riemannian manifold as in The- 
orem 1.1 and -E_a(A) (A 6 B) denote the spectral measure of —A on the Hilbert 
space L 2 (M,v g ). Let j G {2, • • • , m} be an integer satisfying c\ < Cj and set 
Ij = ((ci) 2 , (a,-) 2 ). Assume that u = E-&(Ij)u. Then, 

Jim / \e ltA u\ 2 dv n = 0. 



t — >±oc 
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U{Ek \ ck >Cj , k— 2,--- ,m} 



Corollary 1.2 means that ends into which a particle expressed as a wave function 
e ltA u will recede as t — ► ±oo are not 'high energy' ends U {Ek \ c& > Cj, k = 2, • • • , m} 
but 'low energy' ends U {Ek | Cfe < Cj, k = 1, • • • ,j — 1}, if u € E-&(Ij)L 2 (M, v g ) 
and/, = (( Cl ) 2 ,(c,) 2 ). 

Now, let us recall some earlier works and compare them to ours. Xavier proved 
the following: 

Theorem 1.3 (Xavier 29J). Let (M,g) be an Hadamard manifold and r the dis- 
tance function to some fixed point of M. Assume that the function f = (r 2 + l) 1 / 2 
satisfies the following condition (i) and (ii): 
(0 A/<C i; 

(u) a 2 / < c 2 .r 3 , 

where C± and Ci are positive constants. Then, —A is absolutely continuous on 
(a,oo), where 4a = 6Ci + C*2- 

Although the conditions of Theorem 1.3 do not require M to be asymptotically 
close to a given model, the nature of Theorem 1.3 seems to be more analytic than 
geometric, because the term A 2 / in the condition (ii) above contains the derivatives 
of the curvature. Our theorem seems to be more geometric than Xavier's in that 
we does not require any estimates of derivatives of the curvature. 

As for ends satisfying (2) and (6), note that our decay order is fairly sharp: 
indeed, we have an example (see |17| ) of a rotationally symmetric manifold whose 
radial curvature X ra d. converges to —1 at infinity with its decay order K + 1 = 
(9(r _1 ) and it has an eigenvalue ((n— 1) 2 /4) + 1 embedded in the essential spectrum 
[(n-l) 2 /4,oo). 

Besides, Donnelly proved the following theorem by using the Mourre theory: 

Theorem 1.4 (Donnelly |5J). Let (M,g) be a complete Riemannian manifold and 
admit a proper C 2 -exhaustion function b satisfying the following: 

(i) c\r < b < CqX for some positive constants C\ and Ci\ 



|V6| - 1| < cb~ 
Vdb - b- 1 {g - db <g> db)\ < cb- 1 ' 
(b 2 )kks\ + \{b 2 )skk\ < cb- £ , 



[Hi) 
(iv) 

where c and e are positive constants and r denotes the distance function to a fixed 
point of M . Then —A is absolutely continuous on (0,oo). 

Our conditions (3) and (5) seem to be more geometric than the condition (iv) 
in Theorem 1.4. Although we assume that the outward exponential map induces 
a diffcomorphism, our manifolds seems to be general in that our ends are not 
necessarily hyperbolic and not necessarily conformally compact. 
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In addition, in view of Pearson |25j , note that we can construct a rotationally 
symmetric manifold with singular continuous spectrum and its radial curvature 
K Ia ,d. tends to nonpositive constant at infinity. 

In this paper, we adopt a classical method, that is, integration by parts argu- 
ments among various methods for the proof of the limiting absorption principle. The 
author has a feeling that this method is more suitable than the rest in the setting 
of Riemannian manifolds. For classical methods in the analysis of the Schrodinger 
equation on Euclidean space, see, Eidus [B] [7], Ikebe and Saito [T3], and Mochizuki 
and Uchiyama [23] and so on. 

The Mourre theory ([22], [2]) is a powerful pool for studying the essential spec- 
trum of the Schrodinger equation on the Euclidean space and its nature is quite 
abstract. Note that Froese and Hislop [9] studied spectral properties of second- 
order elliptic operators on noncompact manifolds by using the Mourre theory from 
analytic points of view; Golenia and Moroianu [11) proved the limiting absorption 
principle under a bounded condition on the second derivative of the metric on con- 
formally cusp manifolds also by modifying the Mourre theory. See also Donnelly 
[4], Froese- Hislop-Perry [10] , and Guillope [12] . For the time-dependent method for 
the Schrodinger operators on Euclidian space, see Enss [8]. 

2. Unitarily equivalent operator L and radiation condition 

In this section, we shall define the unitarily equivalent operator L and introduce 
the radiation condition for our manifolds. We also cite two theorems from author's 
previous papers which are essential for the uniqueness of the solution to the equation 
(12) (see Lemma 6.2). 

First, we shall list the notation used in the sequel. For < s < t and < R, we 

set 



U(R) = {xe M | r(x) < R}; 

Ej{s, t) = {x G Ej | s < r(x) < t}, 

Ej(s, oo) = {x G Ej | s < r(x)}; 

S j (t) = {x€E j \r(x)=t}; 

E(s,t) = {xe M | s < r(x) <t} = U™!^^,*); 

E(s, oo) ={x G M | s < r[x)} = \Jf =r Ej{s, oo); 

S(t) = {x G M | r(x) =t} = L>JLiSj(t); 



K-r&d. — radial curvature; 

v g = the Riemannian measure of (M,g); 

C = the set of complex numbers; 

Re z = the real part of zeC; 

Imz = the imaginary part of z G C. 



and take a real-valued C°° function w on M satisfying 

w(x) = Cj r(x) for x G Ej(l, oo) (1 < j < to). 
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Also, let us set 




for 1 < j < mo 

for mo + 1 < j < to 



We shall introduce a new measure pnM and the operator L as follows: 



(7) ^ =e- 2w v g ; 

(8) L =e w Ae- w . 

Then, a direct computation shows that 

(9) Lf = Af-2(Vw,Vf)-Vf; 

(10) V = Aw-\Vw\ 2 . 



Since the multiplication operator e w : L 2 (M, v g ) 3 h e w h £ L 2 (M 1 fi) is a unitary 
operator, the linear operator L with the domain Dom(L) = {u £ L 2 (M, p) \ Lu £ 
L 2 (M, ju)} is an nonnegative self-adjoint operator on the Hilbert space L 2 (M,p). 
We note that our assumptions (3) and (4) (see also (1) and (2)) imply that Ar — > 2cj 
as r — > oo on _Ej , and hence, 

(11) V(x) = cjAr(x) - (cj) 2 — > (c,-) 2 if a; € and r(x) — > oo. 

In particular, V is bounded on M. 

We denote the induced measures from the Riemannian measure v g on each level 
hypersurface S(t) (t > 0) simply by A and set 

A W =6 Vg. 

For C M and a real number s, let L 2 (Q,[i) denote the Hilbert space of all 
complex- valued measurable functions / such that |(1 + r) s f\ is square integrable 
over f2; the inner product and norm of L 2 (Q, fi) will be denoted as follows: 

(/>0)L2(n,„) = / {l + r{x)) 2s f{x)^(x)d^{x)- 

JQ. 

\\f\\Li{n,n) =y/{f> f)Li(n,n)- 

Let Hf oc {Q) be the class of all functions such that all generalized derivatives up to 
second order are square integrable over K for any compact subset K C ft. 
Now, we shall consider the equation 

(12) -Lu- zu = f 

for some suitably chosen z £ C and / £ L 2 (M,/i). If z £ p(—L), this equation 
has a unique solution u £ L 2 (M, /j) for / £ L 2 (M, /j,), where p(—L) is the resolvent 
set of — L. In order to extend this uniqueness theorem for z £ <r c (—L) 7 we have to 
consider the operator -L in a wider class and introduce the boundary condition 
at infinity for our manifolds, where a c (—L) stands for the continuous spectrum of 
—L. 

Let I be a union of open intervals such that 

/=(( Cl ) 2 ,oo)-{(c,) 2 |. ? = 2,...,m} 

and set 

U+ = {z = a + ib£C\a> (ci) 2 , b > 0} - {{c 3 ) 2 \ j = 2, • •• ,m} ; 
II_ = {z = a + ib £ C | a > ( Cl ) 2 , b < 0} - {(c^) 2 | j = 2, • • • ,m} . 
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Let K + and K- be any compact subsets in 11+ and LT_, respectively. We choose 
smooth functions p + : M x 11+ — > C and p_ : M x n_ — > C satisfying 

(13) P±(x,z) = Ti\Jz~ (cj) 2 r(x) + a 3 \ogr{x) 

for (x, z) € Ej(ro, oo) x n± (1 < j < m), where ro > 1 is a constant and ctj is also 
a constant defined by 



(14) aj (x) 



if x € £j(r ,oo) (1 < j < mo) 
if x € Ej(ro, oo) (mo + 1 < i < m). 



Note that the square root in (13) is the principal value, that is, the analytic ex- 
tension of t/x for x > 0. Note also that we are following the usual "double sign in 
same order" convention" in (13). This convention will be used in the sequel of this 
paper. 

We shall consider the following condition for our manifolds: 

Definition 1. We shall say that a solution to the equation (12) with z £ LT+ 
satisfies the radiation condition if there exists constants s' and s such that 

(15) 0< s'< s< 1; s' + s < 1; 

(16) «£t 2 i_ s ,(M,ri, d r u + (d rP ±)ue L\ +s (M,fj,). 

A solution u to the equation (12) satisfying the radiation condition will be called 
an outgoing solution or incoming solution if z G LT+ or z € LT+, respectively. 

From author's previous papers, we quote two theorems. As we shall see later, 
these theorems are essential to show the uniqueness of the solution to (12) (see 
Lemma 6.2). First, the following is Theorem 1.3 in [IT] : 

Theorem 2.1. Let (N,g) be an n- dimensional Riemannian manifold and V an 
open subset of N . Assume that E := N — V is an end with radial coordinates and 
set 

r = dist(V, *) on E; 

S(t) = {x e N | r(x) =t} (t > 0). 

Assume that 

(17) \Vdr - k(g - dr <g) dr)\ = o (r -1 ) on£; 

(18) Ric s (Vr,Vr) > -(n - 1) jfc 2 + j on E, 

where k > is a constant and b±(t) is a positive-valued function of t G [0,oo) 
satisfying lim^oo bi(t) — 0. Set 

where A is the measures on each level hypersurface S(t) induced from the Riemann- 
ian measure v g . Consider the operator L — e cr Ae~ cr and let u be a solution to the 
equation 

Lu + (c 2 + X)u = on E, 



where X > is a constant. If u satisfies 



lim inf 

t — >oo 



t 7 / {\d r u\ 2 + \u\ 2 } dA c = 

JS(t) L J 



m 

for some constant 7 > 0, then u = on E. 

Note that the conditions (17) and (18) above is satisfied, when (2') hold. 
Second, the following is Theorem 1.1 in [18] : 

Theorem 2.2. Let (N,g), r, and A be as in Theorem 2.1. Assume that there exists 
constant ro > such that 

(19) — {g — dr®dr)<Vdr<-{g — dr®dr) on£ , (r ,oo); 
r r 

(20) Ric g (Vr,Vr) > ~(n~ 1)^1 on£(r ,oo), 

where a and b are positive constants satisfying 

a < and a > 

n — 1 

and bi(t) is a positive-valued function oftG [0,oo) satisfying lim^ 00 6i(t) = 0. Let 
A > be a constant and u a solution to the eigenvalue equation 

Au + Xu = on E. 

Assume that a constant 7 satisfies 



n ~ 1 ,1 \ 
7 > -—(b-a). 



If u satisfies 



liminf t"< ( \\d r u\ 2 + \u\ 2 \ dA = 0, 
Js(t) 1 > 



m 

then u = 0. 

3. Energy integral 

In this section, we will prove two energy integrals of a solution to (12) in Propo- 
sition 3.1 and 3.2. 

We extend the Riemannian metric g — (*,*) for complex tangent vectors as 
follows: 

(ui + ivi,u 2 + iv 2 ) 

=(ui,u 2 ) - (vi,v 2 ) +i{(ui,v 2 ) + (vi,u 2 )} for Ui,u 2 ,vi,v 2 G T X M (x G M); 
we also denote 

\u + iv\ 2 = (11, u) + (v, v) for u,v e T X M (x G M). 
First, note the following: 

Lemma 3.1 (Green's formula). Let Q be a relatively compact open subset of M 
with C°° -boundary dfl, and u and v be C°° -functions on M . Then, we have 

(Lu)vdfi= / (Vu, Tl}v dA w — I (Vit, Vu) d/u, — / Vuvd/i, 
n Jan Jn Jn 

where ~n stands for the outward unit normal vector field along dfl. 

9 



Proof. From (7) and (9), we have 

f (Vu,Vv)d^ = / (\7u,\7v)e- 2w dv g 
Jn Jn 

= [ {(Vu,V{e- 2w v)} + 2(Vu,Vw}ve- 2w } dv g 
Jn 



■■ [ (X7u,Tt)(e- 2w v)dA- [ (Au){e- 2w v) dv g + 2 f (Vu,Vw)vdn 
Jan Jn Jn 



= / (Vu,Ji}vdA w - / {Au- 2(Vw,Vu)}v 
Jan Jn 

= / (\7u,Ti)v dA w — / {Lu + Vu}vd/i. 
Jon Jn 



d[i 



Lemma 3.1 follows from this equation. □ 

Lemma 3.2 (divergence theorem). Let Q be a relatively compact open subset of M 
with C°° -boundary 90, and X a C°° -vector field on M. Then, we have 

(divX)dn= [ (X,Ji)dA w + 2 [ (X,Vw)d(i, 
Jan Jn 

where ~n stands for the outward unit normal vector field along 90. 
Proof. Since (div X)e' 2w = div (e~ 2w X) + 2(X, Vw) e - 2w , we have 

f {divX)dn= [ (div X)e- 2w dv g 
Jn Jn 

= [ {div(e- 2w X) + 2(X,Vw)e- 2w } dv g 
Jn 

= [ {X, n) dA w + 2 [ {X, Vw) d/x. 
Jan Jn 

□ 

Proposition 3.1. Let ip(r) be a nonnegative function of r > and u £ Hf oc (M) 
be a solution to the equation (12). Let be a relatively compact open subset of M 
with smooth boundary 90. Then, we have 

— / (p(Vu,Ti)udA w — z / (p\u\ 2 d/i 
Jdn Jn 

= I {<p(fu- \Vu\ 2 -V\u\ 2 ) -tp'(d r u)u} dfj,, 
Jn 

where it stands for the outward unit normal vector field along 90. 

Proof. Let us multiply the equation (12) by ipu and integrate it over O with respect 
to the measure \i. Then, since Lemma 3.1 yields 

(Lu)<pudfi 



= / (d r u)tpudA w — / (Vu, V(<^u)) dfi — / ipV\u\ 2 dfi 
Jon Jn Jn 

tp(d r u)udA w — / {ip\Vu\ 2 + tp'(d r u)u + ipV\u\ 2 } dfi, 
Jn 



i an 

we get our desired result. □ 
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The following proposition with functional analytic property will play an impor- 
tant role in our arguments: 

Proposition 3.2. Let ip — ip(r) be a real-valued function of r G (0,oo) satisfying 
ip(r) > for r > 0, and u G H 2 oc (M) a solution to (12) satisfying the radiation 
condition. We write (d r + d r p±)u = d r u + (d r p±)u for simplicity. Then, for any 
R> r , we have 



/ (^|Imi9 r p-|-||u| 2 dA w + \lmz\ / ip\u\ 2 d/i 

Js(R) JU(R) 

I ip\lm(u(d r + d r p±)u)\dA w + / <(p\lm(fu)\ + \(p'lm(ud r u)\>dn, 

J sun Juan L J 



'S(R) JU(R) 

Here, note that 



Im d r p± = =fRc y z — (cj) 2 on each Ej (r , oo) . 
Proof. By Proposition 3.1, we have 

— / (p(d r u)udA w + / {ip\Vu\ 2 + ip'(d r u)u + (pV\u\ 2 } du 
Js(R) Ju(R) 



'S(R) JU(R) 

z / (p\u\ 2 dfj, 

Ju(R) 



ipfu d[i. 

U(R) 

Substituting the equation, d r u = {d r + d r p±)u — (d r p±)u, into the first term of this 
equation makes 

<p(d r p±)\u\ 2 dA w — z j Lp\u\ 2 djjL 
s{R) Ju(R) 

= / tpu(d r + d r p±)udA w + / <tp(fu — \Vu\ 2 — V\u\ 2 ) — (p'(d r u)u> du. 
Js(R) Ju{R) L ' 

Taking the imaginary part of both sides of this equation, we get 

(21) f (lm(d r p±))f\u\ 2 dA w - (Imz) [ <p\u\ 2 d^i 

Js(R) Ju(R) 

= / iplm (u(d r + d r p±)u) dA w + / {(^Im ( fu) — ip' Im ((<9 r u)u) } dn. 
Js{R) ' ' Ju(R) 

Here, by (13) and (14), 

(22) if z e Imz > and lmd r p + = -Rc \J~z — (cj) 2 < on Ej(ro,oo). 

Indeed, in general, if Imz' > 0, Rcv^ > 0; if z' G R and z' > 0, then Rev^ > 0; 
if z' G R and z' < 0, then Re Vz 7 = 0. We also have 



(23) if z G II_, Imz < and lmd r p + = Rc yjz — (cj) 2 > on Ej(ro,oo). 

Recall that we take the principal value as our square root. Note that signs of 
Im<9 r p + and Imz arc different and (p\u\ 2 > 0. Hence, Proposition 3.2 follows from 
(21), (22), and (23). □ 

li 



In the sequel, we will simply write 

Im (d r u)u = Im ((<9 r u)u) 

and so on. 

4. Estimate of |Vu| 
We shall introduce an operator L\ oc on L 2 oc (M) by 
Dom(Li oc ) = H 2 oc (M); 

L loc u = Au - 2(Vw, Vu) - Vu («e H 2 oc {M)). 

Then, applying integration by parts to (9) yields the following: 

Lemma 4.1 (local a priori estimate). Let be an open subset of M and ip 
real-valued function of r > 0. Assume that 

suppy) is compact, ¥?| a Q = 0, |<p| < 1. 

Moreover, assume that there exist a constant s £ R and a function u such that 

u £ H? oc (n) n L 2 s (n,fi) and LiocM £ L 2 (Q,/x). 

Then, for any e £ (0, 1), we have 



(1-e) / (^ 2 (l + r) 2s |V U | 2 dM 
Jo 



where 



11 2 

c = h max I VI H — max \w' + s(l + r)~ ip\ . 

2e m e m 1 1 



Proof. Since 

^ 2 (1 + r) 2s Vw = V {<p 2 {l + r) 2s u} - 2uip(l + r) 2s {<p' + s(l + r)"V}Vr, 
Lemma 3.1 implies that 

/ p 2 (l + r) 2s |Vu| 2 a> = / ((^ 2 (l + r) 2s Vw,Vu)d/i 
isi Jn 

= I (V{^ 2 (l + r) 2s U },Vu)rfM-2 / ip(l + r) 2s {ip' + s(l + ry 1 ip}ud r udfi 
Jn Jn 

= - f (L loc u)^ 2 (l + r) 2s ud^- [ tp 2 (l + r) 2s V\u\ 2 dn 
Jn Jn 

-2 / (p(l+r) 2s {Lp' + s(l + r)- 1 <p}ud r udn 
Jn 

< S - f ^ 2 (l+r) 2s \L loc u\ 2 d^+^- / <^(l + r) 2 >| 2 ^ 
z Jn Ze Jn 

+ max I VI- [ ip 2 (l + r) 2s \u\ 2 dfj, + e [ Lp 2 {\ + r) 2s \d r u\ 2 dfj, 
M Jn Jn 

+ imax|^' + s(l + r)- 1 | 2 - f (1 + r) 2s \u\ 2 d[i. 
£ M J SU pp (p 

Now, Lemma 4.1 follows from this inequality and the assumption < 1. 
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Corollary 4.1 (global a priori estimate). Assume that there exit a constant s e R 
and a function u such that 

u E Dom(Li oc ) n L 2 S (M, p) and L loc u G L 2 S (M, /i). 

Then, for any e G (0, 1), there exists a constant c(e) > such that 

\\^ u \\%(M,n) < £ \\ L \oM\%(M,n) +c( e )\\ U \\h(M,n), 

where 

Proof. For t > 0, let us set 

'l if r<i, 



-r+i+1 if t<r<t+l, 

if < + 1 < r 



and put £1 = M, (p(r) = h t {r) in Lemma 4.1. Then 
(l-2e) / /i 2 (l + r) 25 |Vu| 2 ^ 



M 

<e / /i 2 (l + r) 2s |L loc n| 2 dp + c t / (l + r) 2s M 2 o>, 

M J(7(t+1) 



where we set 



c t = — + max I V\ + — max \ h' f + s(l + r) 1 h t \ 2 . 
4e m 2e m ' 1 



Since < 1 and |s|(l + r) 1 \h t \ < \s\, we have 

Ct - i + i (1 + |s|)2+m M x|y| - 

Now, V is bounded on M by (11), and hence, letting t — > oo, we get the desired 
result. □ 

5. Estimate of \Vu + uVp±\ 
Let p : M x U± — > C be a complex- valued C°°-function and consider a function 

v(a:,«) = e'^^a;), 

where u is a solution to the equation (12). Since — Am + 2(Vw, Vm) + Vu — zu = f, 
direct computations show the following: 

(24) - Av + 2(Vp + Vto, Vv) - qv = e p f; 

(25) q = q(x, z) = z - Ap + (2Vw + Vp, Vp) - V". 

The following Proposition 5.1 will serve the estimate of the function |Vu + uWp±\ 
on M (see Proposition 5.2). 



Proposition 5.1. Let p : M x U± — ► C and ip : M x U± — > R &e C°° -functions 
X be a 'real' C°° -vector field on M. Let u be a solution to the equation (12) and sei 
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v = efu. Then, for any relatively compact open subset £1 C M with C°° -boundary 
dCl, we have 



^^Re(X,Vv)(Vv,lt)-^\Vv\ 2 (X,Jt)^ dA w 

= ^(X,Vw)i,-^(X,V^) - ^dWX^j \Vv\ 2 dp 

+ J | Re (Vtp + 2ipVp, Vv) {X, Vv) + V> Rc (VwX, Vv) } dp 

- [ iPRe(qv + e p f)(X,Vv)dp. 
Jn 

Proof. Direct calculations show the following: 

(26) - (Av) (X, Vv) = - (X, Vv) div (Vv) 

= - div ((X, Vv)Vv) + (VwX, Vv) + (X, Vw(Vv)) 
= - div ((X, Vv)Vv) + (VwX, Vv) + [Vdv)(X, Vv) 

and 

(27) 2Rc(Vdv)(X,Vv) =(V x (Vv), Vv) + (Vu, V X (VTJ)) 

=div ((Vu, ViJ)X) - (Vv, ViJ) divX 

Combining (26) and (27) makes 
-Re(Av)(X,Vv) 

= - Rcdiv((X,Vw)Vw) + Re {VwX, Vv) + ^div ((Vv, Vv)X) - ^\Vv\ 2 divX. 

Therefore, multiplying the equation (24) by (X, Vv) and taking its real part, we 
have 

-Rcdiv((X,Vw)Vv) + Rc(V Vv X,Vv) + ^div (|V v\ 2 X) - i|Vw| 2 divX 
+ 2Re(Vp + Vw,Vv)(X,Vv) -Rcqv(X,Vv) = Rce p f(X,Vv). 
Multiplying this equation by the real-valued function ip makes 

- Rc div(V(X, Vv) Vv) + Rc (X, Vv) (Vv, Vtp) +^Rc (V Vv X, Vv) 

+ ijdiv (iP\Vv\ 2 X) - \Vv\ 2 (X,Vip)} - ^\Vv\ 2 dWX 

+ ipRc{(2(Vp + Vw, Vv) - qv} (X,Vv)} = tpRee p f(X, Vv). 

Integrating this equation on fl with respect to the measure p and applying Lemma 
3.2 to the first and fourth term above make 

-J i)j\Re(X,Vv)(Vv,n) - h i Vv\ 2 (X, 7?) j dA w 

+ 2^ ip{-Rc(X,Vv)(Vv,Vw) + ^\Vv\ 2 (X,Vw)}dp 

~ \ I |V«| 2 {(X,W) + ipdivX}dp + [ ipRe(V Vv X,Vv)dp 

+ J Rc (X, Vv) | (Vv, Vtp) + 2ip(Vp + Vw, Vv) - ipqv - V>e p /} dp = 0. 
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Since the term 2 J Q ?/>Re (X, Vv) (Vv, Vro) dp appears twice with different signs on 
the left hand side of the equation above, we see that Proposition 5.1 follows from 
this equation. □ 

In the sequel, we shall set 
(28) 6 = mm{5j | 1 < j < m} 

and let us recall that K + and K_ are any compact subsets in IT + and II_ , respec- 
tively; we have the following 

Lemma 5.1. // we set p = p± and if z e K±, then the function q defined by (25) 
has the following asymptotic property on M: 

q = O (r -1-5 ) uniformly for z G K± asr^oo. 

Proof. First, let us consider the case that x £ Ej(ro, oo) (1 < j < mo) and r(x) — > 
oo. Then, 

Ti — 1 

w = 0; V = 0; p = p± = ^i\fz r H — a,j logr, 



and hence, 



Vp = | T iv^+I^-i 0j -|vr; 

(Vp, Vp) = -zt isTzin - 1)^ + ^—^a 1 - 

Ap = T«\/iAr - V - ' 3 + . J Ar. 

2H 2r 



Therefore, 

(29) g = z - Ap + (2Vw + Vp, Vp) - V 
= z-Ap+ (Vp, Vp) 



,./—{. \Tl — l)Qi I \ ll — J. in j [li - I Id ; 

= ±^ { Ar - ^ } - Ar + + 4r2 



Note that (3) implies that 

(30) Ar = (n - l)a ' J + Q (r- 1 -^ on E 3 (1 < j < m ). 

Therefore, combining (29) and (30), we get the desired result for ends E\, - ■■ , i?„ lQ . 

Next, we shall consider the case that x € £j(ro,oo) (m + 1 < j < m) and 
r(x) — > oo. In this case, 

to = c^r; V = c,Ar - (c.,) 2 ; p = p± = Ti\J z - (cj) 2 r, 

and hence, 

(31) q =z - Ap + (2Vw + Vp, Vp) - V 

- CjAr + (c,) 2 



=(Ar-2c,)|±^-( Cj ) 2 - Cj |. 
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In view of the fact that Cj 
that 



(n—l)kj 



for mo + 1 < j < m, we see that (4) implies 



2 



(32) 



Ar = 2cj + O (r^ 1 - 5 ) on E 3 (m + 1 < j < m). 



Therefore, combining (31) and (32), we get the desired result for ends E mo+ i, • • • , E m 

□ 

In the following proposition, recall that K± is any compact subset of II ± . 

Proposition 5.2. Let s, s' and R be positive real numbers and z a complex number 
satisfying 

s < »min := minjaj | 1 < j < m }, s + s' < 8, 2 < R, z G K±. 

In addition, assume that f G L\ (M, y) and that u is a solution to (12) satisfying 
the radiation condition {see Definition 1). Then, we have 



where c±{s, a m i n , R, K±) is a constant depending only on s, a m ; n , R, and K±. 
Proof. First, set a function of r > as follows: 



where R > 2 is a constant. In Proposition 5.1, we shall substitute 

p(x, z) = p±(x, z), ip = (p R (r) r 2s cxp(-2Rcp±), 
Q = Ej(R,t), X = Vr, 

where t > R + 1 is a constant. Recall that p± is the function defined by (13). For 
simplicity, we denote Y = e~ p Vv = Vu + u\7p±. Then, since 




} 




if r<R, 

if R<r<R+l, 

if R + 1 < r, 



e -2Rcp = e -p-p = | e -p,2 



and 



- \e- p \ 2 r 2s { V ' R + (2S7-- 1 - 2Rcd r p)^ R }Vr., 



we have 



(33) 
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(34) j(Vr,Vw)V- ^(Vr,W) - ^ArJ |Vv| 2 

= |(a rW )^r 2s |e-"| 2 - - ^r 2s |e-f Arj |e"y| 2 

=r 2s |F| 2 (d r w - sr- 1 + Rcd rP± - ^Ar^j - ^} ; 

(35) Re ( W + 2^V/9, Vt>) (Vr, VtJ) 

=Re ((<%?/>) Vr + 2^(d r p)Wr, e p Y)(Wr, e p Y) 
=Rc{d r ^ + 2^{d rP )} \e p \ 2 |(Vr, F)| 2 

=r 2s Rc {i P ' R + (2 S r- 1 -2Rcd rP ) m + 2 m d rP } |(Vr,F)| 2 
=r 2s {^ + 2«r-Vfl} l(Vr,r)| 2 ; 

(36) VRe(V Vt ,Vr,Vw) =p fl r 2s |e^| 2 Rc(V e py Vr, e 77 F) 

=^r 2s Re(Vdr)(y,F); 



(37) -iPRc(qv + e p f)(Vr,Vv) = - tp R r 2s \ e - p \ 2 Re {qe p u + e"f)(Vr, e" Y) 

= - lfR r 2s Rc(qu + f)(Wr,Y) 



Since 



1 on Ej(R,R+l), 

on M-Ej(R,R+ 1), 



substituting (33), (34), (35), (36), and (37) into the equation of Proposition 5.1, we 
get 



(38) 

/ r 2s \\(Y, Vr)| 2 - V| 2 1 <L4 W - / r 2s Vr>| 2 - ||y| 2 } dp 

JSAt) I ^ J i&'n rj.11 ! -: 



,■(*) L z J Je 3 (r,r+i) 



L 



+ / r 2 V fl Rc(gu + /)(Y,Vr)d/i 



E 3 (R,t) 



■ [ r 2s ^ R J fau, - sr" 1 + Rcd r p± - ^Ar) \Y\ 

JE 3 (R,t) \\ * ) 



+ 2sr- 1 \(Y,Vr)\ 2 +Rc(Vdr)(Y,Y)j dp; 

note that 1 or(R) — 0, and hence, the boundary integral on Sj(R) vanishes. Let us 
write Y = (Y, Vr)Vr © Y 1 - (Vr _L Y^) and we shall bound the integrand of the 
right hand side of (38) from below. 
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First, let us consider the case that 1 < j < m . Then, 



w = 0; 

■ r- n — 1 , . . 
P± = TWz r H — aj logr(x); 

Tl — 1 TL — 1 

Red r p± = ±Im\/z H — aj > — — aj (z e II±); 

Ar = — - aj + O (r- 1 - 5 ) ; 
Rc(Vdr)(Y,Y) = j^ + O^- 1 - 5 )} l^ 2 - 

Hence, in this case, the integrand of the right hand side of (38) is bounded from 
below as follows: 

(39) r 2 > K j (d r w - 1 + Rcd rP± - ^Ar) \Y\ 2 

2s - ^ 

+ — | (Y, Vr) | 2 + Rc (Vdr) (V, Y) > 

+ ^|(r,Vr)| 2 + {^ + 0(r- 1 --)}l^| 2 } 
=r 2 V K |(^-0(r- 1 - 5 ))|(r,Vr)| 2 

+ {^-0(r-^)}\Y^ 
>ir 2s "Vflmin{s,aj - s}|Y~| 2 for x G £j- (1 < j < m ) with r(x) > R'„ > 0, 

where R'j is a constant depending only on the geometry of Ej (1 < j < mo). 
Next, consider the case that mo + 1 < j < m. Then, on Ej, we have 



P± = Tiyz- (c,) 2 r, 

Red r p± = ±Im - ( Cj ) 2 > (z e II ± ), 
kj > 0, 

Ar = 2 C j + O (r^ 1 - 3 ) , 

Rc (Vdr)(Y,Y) = {h + O (r- 1 -*)} \Y^\ 2 . 



Hence, in this case, the integrand of the right hand side of (38) is bounded from 
below as follows: 

(40) r 2s ^ R ^d r w-^+Rcd rP± -^Ar^j \Y\ 2 

+ 2^|(r,Vr)| 2 +Re (Vdr)(F,F)J 
=r 2 >«{ (c, - °- ± Im^z-fe) 2 -Ci-0 (r^)) \Y\ 2 

+ 2 S -\(Y,Wr)\ 2 + {k l -0(r- 1 - s )}\Y^ 

>isr 2s "VK|^| 2 for x e Ej (m + 1 < j < m) with r(a;) > Rj > 0, 

where i?j is a constant depending only on the geometry of Ej. Thus, (39) and (40) 
imply that 

2s,„_J/q„„ S D„fl„ 1 a„\ivi2 



(41) r 2s ^|^ r «;--+Re9 r p ± --ArJ |Y 

+ 2-|(F,Vr)| 2 +Re (Vdr)(F,F) 
r 

>ci(s)r 2s ~V-R|^| 2 for any x G M with r(ar) > i? 3 > 0, 

where i?3 is a constant depending only on the geometry of M and ci(s) = min{s, a m ; n 
4/2- 

Now, we shall bound the left hand side of (38) from above. First, let us bound 
the third term of the left hand side of (38). As we have seen in Lemma 5.1, there 
exists a constant c > such that \q\ < cr^ 1 ^ 5 for r(x) > 1. So, by Schwarz's 
inequality, we have 

\q\\u\\Y\ KZr-^luWY] < ^- r - l - 2S \u\ 2 + Mf^-ijif. 

ci(s) 4 

i/imrc^i/p + M^r^m 2 . 

ci(s) 4 
From these inequalities, we have 

(42) r 2 V K Rc( <Z 7i + /)(F,Vr) 
<r 2 > K (|g|H + |/|)|r| 

^Vflj^r" 1 ^! 2 + c 2 ( S )r- 1 " 25 H 2 + c 2 ( S )r|/| 2 } , 

where 0*2(5) = max{c 2 , l}/ci(s). 

Next, let us bound the second term of the left hand side of (38). Since Y = 
e~ p \7v = Vu + uVp±, we have 

(43) If r 2s \Y\ 2 d^< f r 2s {|V U | 2 + |Vp±| 2 M 2 }^. 
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Substituting O = Ej, e = ^, 

'r-R+l HR-l<r<R, 
1 if R < r < R+l, 

-r + R + 2 if R+l<r <i? + 2, 
k otherwise, 
and — Lu = zu + f into Lemma 3.4 makes 



<P(r) = ' 



(44) f r 2s \Vu\ 2 dn 

JEj{R,R+\) 

<[ r 2s {\z\ 2 \u\ 2 + \f\ 2 }dn 

JE j (R-l,R+2) 



+ |2 + 2max|y|+4 1 + -i } f r 2s \u\ 2 dfi 

I M R J JE j (R-l,R+2) 

<<j |z| 2 + 2 + 2max|V| + ^l / r 2s \u\ 2 

' M 4 J JEiiR-l.R+2) 



+ / r^|/| 2 ^, 

J^(ii-l,il+2) 

where we have used the assumptions R>2 and < s < 1/2. Combining (43) and 

(44) , we have 

(45) \ [ r 2s \Y\ 2 d^ 

L JEj(R,R+l) 

<cj r- 1 - 2 *'\u\ 2 d»+ [ r^l/l 2 ^, 

JEj(R-l,R+2) J Ej(R~l,R+2) 

where we have again used the assumption R > 2 and set 

c 3 = (l0+|z| 2 + 2max|y|+ max \p±\ 2 \ (R + 2) 1+2s+2s ' . 
Putting together (38), (41), (42), and (45), we get 

(46) h(s) [ r 2s - l \Y\ 2 dn 

<Ms) I r- 1+2s - 2S \u\ 2 dv+Ms) [ r 1+2s |/| 2 ^ 

JEj(R,t) J Ej(R,t) 

+ [ r 2s \{Y,Vr)\ 2 dA w + \ f r 2s \Y\ 2 dn 

JSAt) 1 JE~(R,R+V) 



<{{c 2 (s) + c z ) +c 2 (s) / \ r- 1 - 2 *' \u\ 2 dti 

I J E j (R-l,R+2) JE j (R+2,t) I 



+ | (Us) + 1) / +c 2 (s) / 

[ JEj(R-l,R+2) JE 

+ [ r 2s \(Y,Vr)\ 2 dA w , 
Js(t) 



„1+2«| f\2 



Ej{R+2,t) 



\fVdvL 



IS(t) 

where we have used the assumption s + s' < S. 
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Since u satisfies the radiation condition (sec (16)), (Y,Vr) = (d r + d r p±)u e 
L 2 _ 1+s (M, /u), and hence, there exists a divergent sequence {ti}f^ l of positive num- 
bers such that 

lim / r 2s \{Y,Vr)\ 2 dA w =Q. 

Js(U) 

Hence, substituting t = tj in (46) and letting i — > oo, we get 
(47) f r 2s - 1 \Vu + uW P± | 2 dfi 

2 J Ej(R+l,oo) 

<(Us)+h) f r- l - 2s '\u\ 2 + (c 2 (s) + 1) / r 1+2 '|/| 2 d/x. 

J Ej(R-l,oo) J Ej(R-l,oo) 

Proposition 5.2 follows from (47). □ 

6. Decay estimate for the case Rez < (c 3 ) 2 
This section studies the decay estimate to the solution (12) on an end Ej satis- 



fying "SFF(fcj, <5j)" in the case that Rez < (c 



? . i I. U I I I V V ( IOV ILK I I \A' , \ j . 

First, let us recall (11), that is, on an end Ej satisfying SFF(fcj, 5j), the real 
valued function V = Cj(Ar-Cj) converges to the positive constant (cj) 2 at infinity. 
An a priori decay estimate of solutions to (12) will be obtained by taking the real 
part of the energy integral in Proposition 3.1. 

Proposition 6.1. Let (N,gpf) be an n- dimensional Riemannian manifold with 
compact C°° boundary dN. Assume that the inward normal exponential map expg N : 
N + (dN) — > N induces a diffeomorphism, where N + (dN) — { inward normal vec- 
tors to dN}. Let k > be a constant and set 

r(*) =dist(<9AT,*); c= ^~ V = c(Ar - c); 

N(t,oo) ={xeN\ r(x) >t} (t > 0); p = e- 2cr w SJV , 

w/iere u Sw stands for the Riemannian measure o/(iV, 0jv). Let s and s' be constants 
satisfying 

< s' < s < 1; s' + s < 1. 
and u a solution to the equation 

-Lu -zu = f on N - dN, 

where 

Lu = Au — 2cd r u — Vu. 
Assume that there exist positive constants 9, e, and Ri such that 
9>e; 

Re z < c 2 - 9; 

Ar>(n-l)k-e(=2c-e) on N(R 1 , oo). 
Then, for any £ > 2 and R > max{i?i, 2}, 

2 II jm|2 



where c (9, e) = 5/(9 — e). 



l U IL 2 _i_ s ,(JV(^,oo)^) - (^_ l)i? jlMl^i_ s ,(iV(il,oo)^) + ll/IlL 2 , 
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Proof. First, note that 



(48) 



V - Re z =c(Ar - c) - Re z 

>c(2c - e - c) - c 2 + 01 

=0-e(>O) on N{R u oo). 



Let ft- = /i(r) be any real valued function of r G (i?i, oo) with compact support in 
(i2i,oo). Let us set ip = h 2 and ft = E in Proposition 3.1 and take its real part. 
Then, by (48), we have 



(49) (0-e) f \hu\ 2 dfi< [ (V - Rez)\hu\ 2 d[i 

JN JN 

= J {/i 2 Re/u- h 2 \Vu\ 2 - 2hh'Re(d r u)u} dfj, 
: J [(h') 2 \u\ 2 + h 2 Rc fuj dn. 



< 



For any constants t > 2, R>2 and f satisfying i?i < i? < £i? < i — 1, set 



h(r) = < 



1 



-r + 1 



if r < i? 
if R < r < £R 
if IR < r < t - 1 
if i - 1 < r < t 
if t < r, 



and substitute this function h into (49). Then, we have 



(50) (0-e) \ \u\ 2 dfi 

JN(m,t-i) 



<- 



ixa pa / M 2 dM+ / |u| 2 ^+ / |u/|d/x. 

J-J rt JN(RJM) JN(t-l,t) JN(R.t) 



We shall multiply (50) by (1 + t)~ 2 ~ 2s and integrate it with respect to t over 
[£R+ 1, oo). Then, as for the integral of the left hand side of (50), Fubini's theorem 
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implies that 



(51) (0-e) [ (1 + t)- 2 - 2s ' dt f \u\ 2 dfi 

Jm+i JN{tR,t-i) 
i>oo pt—i 
=(6-e) (1 + ty 2 - 2s ' dt F(r)dr 

JlR+l JiR 

C-OO />00 

={6-e) / F{r)dr / (1 + t)- 2 - 2s ' dt 

JlR Jr+1 
a _ _ roo 

=^-hf (2 + r)-'- 2 -'M ! <i / , 

1 + ZS Jn(IR,oo) 

^ e-e fm + i\ 1+2s ' r ri v_i_ 2s ', l2 . 
>— / (i + r )-'- 2 ''H 2 <i,.. 

JN(£R,oo) 



where we have set 



(52) F(r) = / | U | 2 e- 2cr rfA 

Js(r) 



and A stands for the measures induced from the Riemannian measure v gN on each 
level surface S(r) = {x e N \ dist(&/V» = r}; note that I > 2, R > 2, and 
< s' < 2/1. 

As for the integral of the first term on the right hand side of (50) , we have 



< 53 » (™X (B j»i 2 *£, (1+ir3 ^ 



1 fl + £R\ 1+2S ' f x-l-2a'i 1 2 t 

^ (TTW^W (« + 2j W 1 + r) * 



(l + 2s')(^- l) 2 i? 2 

(l - L)lt J N ( Ri i R ) 
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N(R,£R) 

l-2s' i„,|2 



As for the integral of the second term on the right hand side of (50), we have 
(54) r (l + t)- 2 - 28 ' dt f \u\ 2 dn 

JlR+l JN(t-l,t) 

r-OC r-t 

= / (1 + t)- 2 - 2s ' dt / F{r)dr 

JtR+l Jt-1 
roc r-r+1 

< / F{r)dr / {l+t)- 2 - 2s ' dt 

JtR Jr 

/>oc 

< / (l + r)- 2 - 2s 'F(r)dr 

JtR 

(l + r )-2-2«'| u |2 d/i 



N(tR,oo) 

l-2s' |„,|2 

J- T I j 

N(lR,oo) 

l-2s' i„,|2. 



I (l + r)- l - 2s '\u\ 2 d^ 

where, in the third line, we have used Fubini's theorem; in the fourth line, we have 
used the fact that /; +1 (l + t)- 2 - 2s ' dt < (1 + r)- 2 - 2s ' J ? r+1 dt = (1 + r)- 2 - 2s ' . 

As for the integral of the last term on the right hand side of (50), by Fubini's 
theorem, we have 

(55) 

[ (1 + t)- 2 - 2s ' dt [ \uf\dn 

JlR+l JN(R,t) 

= [°° (l + t)- 2 - 2s ' dt [ F{r)dr 
JiR+i Jr 

r£R+l ^ />oo />oo ^ />oo 

= / F{r)dr (l + t)- 2 - 2s ' dt+ / F(r)dr (1 + ty 2 - 2s ' dt 

JR JtR+l JtR+l Jr 

-i rtR+l ^ -i />oo ^ 

where we have set 



(56) F(r) = I \uf\e- 2cr dA. 

'S(r) 



r)= j 

Js(r) 

Since s' < s, we have 

(57)/ \uf\dn<\f {{l + r)- l - 2s '^\ 2 + {l+r) l+2s \f\ 2 } d/x. 

Jn(r,ir+\) z Jn(rj,r+i) k J 
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Also, we have 
(58) 



f {l + r)- 1 - 2s '\uf\d i i= { {l + r)(- 1 - s '- s ^ s - s '^\uf\dii 

JN(lR+l,oo) JN(m+l,oo) 

^L, iit,r ' wi * 

Therefore, since 5' < s, (55), (57), and (58) imply that 
(59) / (1 + t)- 2 - 2s ' dt / \uf\dfi 



~ ~7in / {(i+.r 1 - 3 -'H 2 + (i+'-)' +2 -i/i 2 } 

_ JJ^ JN(R,oo) L J 

Now, putting together (51), (53), (54) and (59), we have 



-~2(£- 



6-e C 



3 -lN{lR,oo) 



(l + r)- L - Zs \u\ 2 dn 



<- 



■2{l- 



l ) K JN(R.oo) Z { t - ±) K JN(R.oc) 



Proposition 6.1 follows from this inequality. □ 

7. Decay estimate for the case that Rez > (c.,) 2 

In this section, we will show the a priori decay estimate of an outgoing or incom- 
ing solution of the equation (12) on the end Ej in the case that Re 2: > (cj) 2 . This 
will be accomplished by combining Proposition 5.2 and Lemma 7.1 below. Further- 
more, lemma 7.1 will be proved by taking the imaginary part of the equation in 
Proposition 3.1. 

Proposition 7.1. Let 2 < R, z e K±, f e L 2 (M, /j,) and u a solution to (12) 
satisfying the radiation condition. Assume that 

s < a m i n ; s + s' < 5; Rez>(cj) . 

Then, for any R and R\ satisfying 1 < Ri < i?i + 1 < R, 

Re J z - (c,) 2 \\u\\ 2 L2 i (Ej(RtO0M 
2 3 

<C 3 (l + i?)- 2s '{|| U || 2 L 2 i ^nr-l^ + WfWh (^(^-l.oo)^) 

I 2 s 2+ s 

where c 3 = Ca(s, s', a m i n , Ri, K±) is a constant depending only 071 S 7 S } G-min; Ri, 
and K± . 

As is mentioned above, Proposition 7.1 immediately follows from the following 
Lemma 7.1 and Proposition 5.2, and hence, it suffices to prove the following: 
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Lemma 7.1. Let f e L 2 (M,n) and u an outgoing or incoming solution to 

(12). Assume that z G II ± and Re z > (cj) 2 . Then, for any R and Ri satisfying 
1<R 1 <R 1 + KR, 



< 



2 s 

(1 + R)~ 2s ' ( 

2? \^ dr + 9 ^±) W lli 2 _i +s (%(iJ,oo) >M ) + (^(Jfe-l.oo),,,) 



+c 4 ||w 112 



L= ^^(Jii-l.oo),^) f ' 



w/iere c 4 = 64 (i?i) 2 {|z| 2 + 1 + maxM |V"|}. Here, we simply write (d r + d r p±)u ■■ 
d r u + (d r p±)u. 



Proof. In proposition 3.1, let us set = Ej(R\,t) and 

'0 

<p(r) = < 



if -Ri < r, 
r-R-i if Ri < r < R 1 + 1, 

1 if i?i + 1 < r 



where J?i + 1 < t. Then, 

(60) — / (d r u)u dA w — z I (p\u\ 2 d/i 

JSj(t) JEjiRut) 

= [ <p(fu- \Vu\ 2 -V\u\ 2 )d{i- [ (d r u)udn. 

JE j (R 1 ,t) JE j (R 1 ,R 1 + l) 

Substituting d r u = (d r + d r p±)u — (d r p±)u into the first term of (60), we get 

(61) / (d r p±)\u\ 2 dA w — z I ip\u\ 2 dn 

JSj{i) ' J%(ili,t) 

= / u(d r +d r p±)udA w + / <p (fu- |Vw| 2 - V\u\ 2 ) dfj, 



(d r u)udfi. 

E ] (R 1 ,R 1 + l) 

Taking the imaginary part of (61), we have 
(62) 

/ Im (d r p±)\u\ 2 dA w — Im z / ip\u\ d/i 

Js.it) JE j (R 1 ,t) 

= / Imu (d r + d r p±)udA w + / iplmfudfi— / Im (d r u)udii. 

JSj(t) JEjiRxfi) J E j (R 1 ,R 1 + l) 

Here, note that 



(63) Imz > 0, Im9 rP+ = -Re ^z - ( Cj ) 2 < if z e 11+ 

and that 



(64) Imz < 0, Imd r p- = Re yjz- (cj) 2 > if z £ U_ 
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(63) and (64) follow from the assumption Re z > {cj) 2 . Thus, signs of real numbers, 
Imz and lmd r p±, are different. Hence, by (62), (63), and (64), we have 

(65) RcJz-( Cj ) 2 [ \u\ 2 dA w 

v Jsj(t) 

<Re J z — (cj) 2 / \u\ 2 dA w + \Imz\ / ip\u\ 2 d/i 

Js 3 (t) JEjiRut) 

< / |u (d r + d r p±)u\ dA w + / \fu\d(j,+ / | (d r u)u\ dfi. 

JSj{t) JEj(Ri,t) J EjiRxMt + l) 

We shall multiply the inequality (65) by (1 + t)^ 1 ^ 23 and integrate it over [R, oo) 
with respect to t. Then, as for the integration of the first term on the right hand 
side of (65), we have, by Schwarz's inequality, 

(66) ( (1 + t)- 1 - 2s ' dt [ \u(d r + d r p±)u\dA w 

= [ (l + t)- s '- s dt f {l + t)- 1+s - s '\u\\(d r + d rP ±)u\dA w 
Jr JSj(i) 

<(l + R)- s '- s f dt f (l + t)- 1+s - s '\u\\(d r + d rP ±)u\dA w 
Jr Jsj(t) 

= (l + R)- s '- s [ (1 + r)- 1+s - s ' \u\\(d r +d r p±)u\dfi 

JeAR.oo) 



< (1 + ? ' S \ I (l + r)- 1+ - 2s \(d r + d r p±)urd» 



E 3 (K,oo) 



+ / (l + ry^'lufdA. 

JEJR,oo) ) 



I Ej(R,oo) 

As for the integration of the second term on the right hand side of (65) , we have 
(67) 

/ {1 + 1)- 1 - 23 ' dt \uf\dfi= (I + 1)- 1 - 23 ' dt F(r)dr 

Jr J EjiRi.t) Jr Jrx 

j>R />00 r-OO r-OG 

= F(r)dr (1 + ty 1 - 23 ' dt + / F(r)dr (l + i)~ 
Jrx Jr Jr. Jr 



- 1 - 23 ' dt 



f \ u f\ d ^+l-f (l + r)- 2s '\uf\dv 

J Ej (R\ ,R) 13 J_E 3 (_R,oo) 

'£3(^1,00) 

—if (l+rr 23 \f\ 2 d^+ [ :l ■ r) 1 "\u\*dA, 



(1- 


f R)- 23 ' 




2s' 


(1- 


f R)- 23 ' 




2s' 


(1- 


hR)- 23 ' 


4s' 



where we have used Fubini's theorem in the second line; we have used Schwarz's 
inequality and the assumption s' < s in the last line. As for the integration of the 
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third term on the right hand side of (65), we have 

poo P 

(68) / (1 + ty 1 - 28 ' dt \(d r u)u\dn 

JR JEj(Ri,Ri + l) 

(l + R)- 2s ' 



< 



2s 

(l + R)- 2s ' 
4s' 



f 

JEjiRuR^ + l) 



(d r u)u\ dfi 
\d r u\ 2 djjL + 



\u\ 2 dn > . 



Now, let us apply Lemma 4.1 to the first term on the right hand side of (68) 



fl = Ej, e = |, and 



<p(r) = < 



if < r < i?i - 1, 
r-i?i + l if i?i - 1 < r < 

1 if i?i < r < J?i + 1, 

-r + i?i + 2 if i?i + 1 < r < i?i + 2, 

if i?i + 2 < r. 



Then, in view of —L\ oc u = zu + f, we get 



(69) 



/ \Vu\ 2 dn 

JE :i (R 1 ,R 1 + l) 



1 

<- 

~2 



< 



E j (R 1 -l,R 1 +2) 



|L 1oc m| 2 dfi + c 5 



E j (R 1 -l,R 1 +2) 



\u\ 2 dfj, 



f {\z\ 2 \u\ 2 + \f\ 2 }dn + c 5 [ \u\ 2 dn 

JEj(R 1 -l,R 1 +2) J E j (R 1 -l,R 1 +2) 

= I {(|z| 2 +c 5 )| U | 2 + |/| 2 }^ 

J E j (R 1 -l,R 1 +2) *■ } 

(l + r) 1+2s |/| 2 ^ 



Bj(iJi-l,iii+2) 



+ (3 + i? 1 ) 1+2s '{N| 2 + c 5 } / 



+2) 



(l + r)- 1 - 2 "'!^ 2 ^, 



where 



c 5 = - + 2 max I VI + 4(1 + s) < 7 + 2 max I VI 

2 M M 



by the fact < s < 1/2. Thus, from (68) and (69), we have 
(70) f (1 + ty 1 - 23 ' dt f \(d r u)u\dfi 

JR JE i (R 1 ,R 1 +l) 



< 



4s' 



-2s' 



Ej(fli,Jii+l) 

(l + r) 1+2s \f\ 2 dv 



E j (R 1 -l,R 1 +2) 

+ C 6 



/ 



(l + r)- 1 - 2 ^! 2 ^, 



-Rl+2) 



where 



c 6 = (3 + i?i) 1+2s '{|z| 2 +^ 5 + l} < (3 + i?i) 2 {|z| 2 + 8 + 2max|V|}. 
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Now, putting together (65), (66), (67), and (70), we have 
(71) Re Jz - (c,) 2 ( {l + r)- l - 2s '\u\ 2 dn 

V Je 3 (R,oo) 

< (1 + R r - [ (l + r)- 1+2s \(d r + d rP± ) 

1 JEj(R,oo) 

+ (1 + , R r 2S ' f (l + r)^!/! 2 ^ 

zs J%(i?i-l,oo) 



/ 



+ c? I (l + r)- 1 - 28 '^ 2 ^, 

,oc) 



where 



S;= (i±^ +(1+a) (i+jtl 



Since s' < s and < s' < i, we have 

(72) (i+j r" - (i+ fr 2s '^i + *y'- s < {i+ t s ' 

v ' 2 2s' v ; ~ As' 

and 

(73) 2«'(1 + R) 2s 'c 7 =s'(l + R) s '- S + (1 + ce)i 

<l+ (3 + jR 2 l)1+28 ' {N 2 + 8 + rnax|yi}. 
Lemma 7.1 follows from (71), (72), and (73). □ 

8. The proof of main theorems 

In this section, we shall prove main theorems after preparing some lemmas. 
In the following, we shall fix real numbers s' and s satisfying 

(74) < s' < s < min|a min , ; s' + s < S, 

and use these numbers in the definition of the radiation condition (15) and (16). 
We denote by R_l(z) the resolvent (— L— z)^ 1 of — L for z € p(—L), where p(—L) 
stands for the resolvent set of — L. Moreover, we denote by 



B,(i + S ,-i- S ' 



the space of all bounded operators T from L 2 (M, /i) into L 2 _ 1 _ , (M, y) with 
Dom(T) = L 2 L+s (M, y). B M + s, —\ — s') is a Banach space by the operator 
norm || • || B(i( l +B< _ i _ s , y 

Let us begin with the following proposition: 

Proposition 8.1. Let zeC-R. Then, the following (i) and (ii) hold: 
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(i) Let f G L 2 (M, fi) and u be an outgoing {or incoming) solution to (12). Then, 
u e L 2 (M, fi) and 

\lmz\ ||u|| L 2 (MiM ) < ||/||i,2(jwf, M ). 

(ii) Let f G L 2 (M, /j,) for 7 G (0, 1], and u be an outgoing (or incoming) solution 
to (12). Then, u e L 2 (M,p) and 

\Imz\ \\u\\ L 2 {Mi ^ < 10|||/|| L 2 (M!M) +7(1 + \z\ +max|^|)||ti|| I ,2( M)M) |. 

Proof, (i) We may assume that u is non-trivial. Set ip = 1 in Proposition 3.2. 
Then, we get 

|Im,z| / |z<.| 2 rf^t < / \(d r + <9 r p ± )u| |u| + / \uf\dfi. 

JU(R) Js(R) ' JU(R) 

Thus, in view of s' < s, we have, by Schwarz's inequality, 
|Imz| / |u| 2 c?^ 

JU(R) 

^ I \r 2s \(d r + d rP ±)u\ 2 +r- 2s '\u\ 2 }dA w 

2 J son 1 } 



+ / H 2 d^\ / l/l 2 ^ ' 

\JU(R) J \JU(R) J 



and hence, 

(75) |Imz| ( f \u\ 2 dfi 

\JU(R) j 



<\\ I \ U ?*A [ \r 2s \(d r + d rP± )u\ 2 + r- 2s '\u\ 2 } 

1 \JU(H) / JS(R) 1 } 



dA„ 



'U(R) ) JS(R) 

+ ([ \f\ 2 dA ■ 
Now, since u satisfies the condition (16), we see that 

(76) liminf / \ r - 2s ' \u\ 2 + r 2s \ (d r + d rP± )u\ 2 } dA w = 0. 

Js(R) 1 ' 

Therefore, substituting an appropriate divergent sequence {Ri}°^ 1 of positive num- 
bers into (75), we get our desired result (i). 

(ii) First, note that — Lu = f + zu e L 2 (M,p) by (i). So, Corollary 3.1 implies 
that |Vu| S L 2 (M,fi), and hence, \(d r + d r p±)u\ e L 2 (M,[i) by (13) and (14). 
Therefore, we see that 

(77) liminf/ (1 + r) 7 1 (d r + d r p±)u\ \u\ dA w = for 76 (0,1]. 
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Now, for 7 e (0, 1], set ip(r) = (1 + r) 7 in Proposition 3.2. Then, 
(78) |Imz| / (l + r) 7 |u| 2 d/x 

Ju(R) 



'U(R) 

< (l + r) 7 |(<9 r + <9 r p±)u| \u\dA v 

JS(R) 



+ f {^ + rr- 1 \d r u\\u\ + (l + rr\f\\u\}d^ 

JU(R) 1 ' 

< / (1 + r) 7 |(<9 r + d r p±)u\ \u\ dA w 

Js(R) 

+ 7|/ (i + ry- 2 \d r u\ 2 dA (f (i + r y\u\ 2 dn 

\JU(R) j \JU(R) j 

+ ([ (l + r) 7 |/| 2 ^) (/ (l + r) 7 H 2 J • 

\JU(R) / \JU(R) I 



'U(R) J \JU{R) 

Therefore, bearing (77) in mind, substituting an appropriate divergent sequence 
into (78), and letting i — > oo, we get 



(79) |Imz| WuWl^m^) < l\\d r u\\ L 2 {M ^ } + \\f\\ L 2 {Mifl) . 

2 + 2 2 

Here, since — 1 + ^ < 0, by Corollary 4.1, we have 

(80) ||Vu|| L 2 (MiM) <\\f + zu\\ L 2 (M)M) +c 8 ||u||i,2 (M)M) 

l+ 2 l+ 2 1+2 

<II/IU 2 (M^) + (c 8 + NI)||w||l2 (M)M) , 
where c 8 = § + 3max M |V|. Thus, by (79) and (80), 

(81) ueL|(M,M), 
and hence, 

(82) -Lu = f + zue L\{M,n). 

In view of (81) and (82), we see that d r u £ L%(M,fi) by Corollary 4.1, and hence, 

(83) \(d r + d r p±)u\ e L\{M,n). 
Since < 7 < 1, (81) and (83) implies that 

(84) liminf / (1 + r) 27 I (d r + d r p±)u\ \u\ dA w = for < 7 < 1. 



S(R) 
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Now, we shall set <p(r) = (1+r) 27 in Proposition 3.2 and repeat the same arguments 
as above: then, we have 

(85) |Imz| / (l + r) 2 ~<\u\ 2 dn 

Ju(R) 

< (1 + r) 27 |(<9 r + d r p ± )u\ \u\ dA w 

Js(R) 

+ 2 7 (/ {l + rf-<- 2 \d r u\ 2 dA (f (l + r) 2 >| 2 d M j 
\Ju(R) J \Ju(R) J 

+ ([ (l + rf\f\ 2 dp) ([ (l + r) 2 >| 2 ^) . 

\JU(R) J \JU(R) J 

Bearing (84) in mind, substituting an appropriate divergent sequence {Ri} c *L 1 into 

(85) , and letting i — > oo, we get 

(86) |Imz| ||u|| L 2 (M)M) < 2 7 \\d r u\\ L 2_ i+ _ /(M ^ + ||/|| L 2 (MjAl) . 
Again, since — 1 + 7 < 0, Corollary 4.1 estimate implies that 

(87) \\Vu\\ L 2_ i+ ^ Mifl) <\\f + ZU\\ L 2_ 1+7 ( MlM ) + c 8 \\u\\ L l 1+y (M,„) 

<||/||l 2 (M i( u) + (C8 + |z|)||u||l,2(M, M )- 

Now, (ii) follows from (86) and (87). □ 

Proposition 8.1 immediately implies the following two lemmas: 

Lemma 8.1. Assume that z G II± — (0, 00). Then, for any f G L\ (M, n), the 

equation (12) has a unique outgoing or incoming solution u. Moreover, u coincides 

with the L 2 (M, fi)- solution R_ L {z)f and belongs to L\ (M,fi). Here R_ L (z) = 

2 + s 

(— L — z)^ 1 stands for the resolvent for z G p{—L). 

Proof. Let / G L\ (M, (i) and consider L 2 (M, ^-solution R_ L (z)f. Then, R_ L (z)f 

satisfies -L(R_Z{z)f) = z(R- L (z)f) + f G L 2 (M,p). Therefore, Corollary 4.1 
implies that | V(R_ L (z)f) | G L 2 (M,p). Since 

< s < sup \d r p±(x, z)\ < 00 for each fixed z, 

2 x£M 

we see that 

dr(R- L (z)f) + (d rP± (z,*))(R- L (z)f) G L 2 (M, f i) c L 2 _ h+s {M,Li) 

Thus, R-L(z)f satisfies the condition (16), and hence, R-L(z)f G L\ (M,/i) by 

2 ' s 

Proposition 8.1. 

On the other hand, as is seen in Proposition 8.1, under the assumptions / G 
L 2 (M,fi) and Imz^O, any outgoing or incoming solution u to (12) belongs to 

L 2 (M,fi), and hence, it must coincides with the L 2 (M, /u)-solution R-l(z)/- □ 
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Lemma 8.2 (decay estimate for |Imz| > 0). Assume that z e II± — (0, oo), / G 
L\ +s (M, h), and u is the corresponding solution to (12). Then, for any R > 1, 

|Imz| 2 f (l + r)- 1 - 2 ''^! 2 ^ 

JE(R,oo) 

^Yil + R)- 2 - 2 *- 2 *' f (l + r) 1+2s \f\ 2 dfi, 

J M 

where 

cu = 10{l + ^(l + N +m ax|F|)}. 

Proof. Lemma 8.1 implies that u £ L 2 (M,/j,). Hence, setting 7 = i + s in Propo- 
sition 8.1 (ii), and combining Proposition 8.1 (i) and (ii) again, we get 

(88) llmzllMI^^) <10 {||/|L| +s( m,^) + 1 + N ll/lk^)} 

< C~ll II /II i,2 (M, M )l 

where 

cu = 10{l + ^(l + N + max|l/|)}. 

Therefore, 

|Imz| 2 (l + i?) 2 + 2s+2s ' / (l + r)- 1 - 28 '^! 2 ^ 

JE(R,oo) 

<|Imz| 2 f (l + r) 1+2s \u\ 2 d^ 

JE(R,oc) 

<|Imz| 2 f (l + r) 1+2s \u\ 2 dn 

<(c n ) 2 / (l + r) 1+2s |/| 2 d M (by (88)). 

Lemma 8.2 follows from this inequality. □ 

Next, let us show the following uniqueness theorem: 

Lemma 8.3 (uniqueness). Assume that z = a e II± n (0, 00). Then, outgoing or 
incoming solution u to (12), if it exists, is uniquely determined by z and f. 

Proof. First, note that z = a > (ci) 2 by the definition of H±. Let u\ and u-i 
be solutions to the same equation (12). Then, u = u\ — 112 is a solution to the 
eigenvalue equation 

—Lu — au = 0. 

Hence, setting ip = 1 and / = in Proposition 3.2, we have 




Therefore, in view of (22) and (23), we have 

(89) y/a- ( Cl ) 2 f \u\ 2 dA w < f \(d r +d rP ±)u\\u\dA. 

JS^R) JS{R) 
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Since (d r + d r p±)u G L 2 _i (M,jx) and u G ,(M,/x) by (16), we see that 

/ (1 + r) s - s '- 1 |(a r + <9 r p±)u| |u|d/z 

<i / {(l + r)- 1+2 "|(^ + a r p±)u| 2 + (l + r)- 1 - 2 ''|u| 2 }d/i<oo. 

Hence, multiplying both sides of (89) by (l + R) s ~ s _1 and integrating it over [1, oo) 
with respect to R, we have 

V«-(ci) 2 / (l + r) s - s '-V| 2 d M 

J£i(l,oo) 

< / (1 + ry-s'-^idr + d rP± )u\ \u\ dfi < oo. 

Je(1,oo) 

Thus, Lu = -era e ^ 2 _ s '_i {E\,fj), and hence, |Vu| € £ 2 _ s /_! (Ei,fi) by Corollary 

2 2 

4.1 because u e L 2 ± , (M,/jl) C £ 2 _,/_! (Ei,fi). Therefore, 

2+ s J 

(90) liminfi?^ 5 ' / {|a r M| 2 + |u| 2 }d// = 0, 

R ^°° JS!(R) 

where s - s' > (sec (74)). 

Now, recalling our assumption (5) and (6), and applying Theorem 2.1 or Theorem 

2.2 for the first end E\, (90) implies that u\ — ui = u = on E\, and hence, on M 
by the unique continuation theorem. □ 

Lemma 8.4 (precompactness) . Let {zk}%° =1 C K± be a sequence and {fk)kL\ 
a bounded sequence in L\ +g (M, fx). Let {u^} be the sequence of the correspond- 
ing outgoing or incoming solution to the equation (12). If {u / t}^L 1 is bounded in 
L 2 _i_ ,(M,n), then {ufc}jg, is precompact in L 2 _ k _ ,{M,fi). 

Proof. First, recall that 

n+ = {z = a + ibeC\a> (ci) 2 , b > 0} - {{c 3 ) 2 | j = 2, • •• , m} ; 

IT_ = {z = a + ibe C | a > ( Cl ) 2 , b < 0} - {(c 3 ) 2 | j = 2, • •• , m} 
and K + and if _ are any compact subsets in IT + and II_ , respectively. Therefore, 

(91) min{|z - (cj) 2 \ ; z G K±,j = 1, - ■ ■ ,m} > 0. 
For e > 0, let us define a rectangle Rect± ((cj) 2 ,e) around (cj) 2 by 

Rect ± ((cj) 2 ,s) = {a + ib e H± | max{|6|, \{cj) 2 - a\} < e} . 

Then, (91) implies that there exists a constant e = £o{E± 7 ci 7 - ■ ■ ,c m ) > such 
that 

Rect + ((cj) 2 , £o) H K + = for any j = 1, • • • , m; 

Rect_ ((c^) , £o) H K_ = for any j = 1, • • • , to. 

Thus, for each fixed j e {1, • • • , m}, if z e if±, then one of the following three 
cases occurs: 

(a) Re z < (cj) 2 — eo; 

(b) |Imz| >e ; 

(c) Rcz > (cj) 2 +e - 
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If (a) occurs, then apply Proposition 6.1; If (b) occurs, then apply Lemma 8.2; If 
(c) occurs, then apply Proposition 7.1. Then, for any R > 1, we get 

(92) 

IKIU 2 ,(K,(fl,co) l([ t) ^ C 12 (l + R)~ S < \\fk\\L\ (M, M ) + ll u fe|lL 2 _ 1 _ ,(M,,u) f i 

2 s I 2+ s 2 s J 

where C12 > is a constant independent of Uk and fk- Since (92) holds for any 
j G {!,••• , m}, by summing up for every jg {!,■■• , to}, we have for any i? > 1 



(93) |K|| L 2 i , E ( Rt00)ill) < c u (l + R) s < \\fk\\ L \ (M,ii) + ll u fc|li 2 1 ,(M, M )?i 

~2~ s I 2+ s ~2~ s J 

where 814 > is a constant independent of Uk and Note that the right hand 
side of (93) tends to zero as R — ► 00 uniformly with respect to k. 

On the other hand, since —Lu^ — z^u^ + fk, we see that {— Luk} k x ^ =1 is a 
bounded sequence in L 2 _i_ s ,(M,fi), and hence, by Corollary 4.1, {jVtZfcl}^^ is 

also a bounded sequence in L 2 _i_ ,(M,fi). Therefore, by the Rellich's lemma, we 

2 s 

see that 

(94) {u-kluiR)}™-! is precompact in L 2 _i_ s ,(U(R),fj,), for any R>0. 

Thus, by (93) and (94), we see that {uk}% x L 1 is precompact in L 2 _i_ ,(M,/j,). □ 

2 5 

Lemma 8.5 (radiation condition). Let {zk} C K± and {fk} C L\ (M, fi) be 

sequences and assume that 

lim z k = Zoo; fk -> /oo (fc 00) weakly in Lf (M, /u). 

fe^OO 2 T 

-Lei Uk be the outgoing or incoming solution to the equation (12) with z — Zk and 

f = fk- Furthermore, assume that limfe^oo \\uk — Woo||l 2 (m,h) = 0- Then, u^ 

~ 2 ~ s 

is the outgoing or incoming solution to (12) with z = z^ and f = f^. 
Proof. By taking the limit of the equation 

(95) -Lu k - z k u k = fk, 
we get 

(96) -LUoc - Zoo Woo = foe 

in the sense of distribution. But, elliptic regularity theorem implies that G 
Hf oc (M), and hence, the equation (96) holds in the sense of Lf oc (M). On the other 
hand, since any weakly convergent sequence is bounded by the principle of uniform 

boundedness, |j fk\\L 2 (m i( u) i s uniformly bounded with respect to k. Therefore, 

2 + s 

Proposition 5.2 implies that || Vw^ + Uk'Vp±(zk, Olli 2 (e(3 00) n) * s a ^ so un if° rmr y 

bounded with respect to k. Hence, by taking a subsequence if necessary, we may 
assume that 

(97) Vufc + UkVp±(zk, •) — > X (k —> 00) weakly in L 2 _i +s (E(3, 00), /z). 

Since ||/fc||,L 2 (m i( u) an d ll^fclL 2 (m,h) are bounded uniformly with respect to 

fc, the equation (95) implies that, for any R > 0, there exists a constant co(i?) such 

35 



that 

\\Lu k \\ L -2(jj( R) ^ + ||?ife||L 2 (!7(fl)^) < cb(-R), 

where co(R) does not depend on k. Therefore ||wfc||w 1 . 2 (t/(.R)) is uniformly bounded 
with respect to k. Hence, the Rellich's lemma implies that {uk\ u(R) is precom- 
pact in W 1 - 1 (U(R)), and hence, our assumption lim^oo \\uk — UqoIIl 2 (m i( u) = 

implies that 

(98) lim \\uk - Uoo\\w 1 - 1 <u(R),u,) = for any R > 0. 

In view of (97) and (98), we see that X £ L 2 _ L (E(3, co), /it) coincides with Vuoo + 

2 + s 

WooVp±(zoo, •)) an d hence, Woo satisfies the condition (16). Thus, we have proved 
Lemma 8.5. □ 

Lemma 8.6 (boundedness of solution). For (z, /) G K± x L\ (M, n), let u(z, /) 
denote the corresponding outgoing or incoming solution to (12). Then, there exists 
a constant c(K±) > depending only on K± such that 

\W{zJ)\\ L 2 i i{M ,y.)<c{K±)\\f\\ L \ (M.fj.) ■ 

2 s 2 +s 

Proof. We shall prove this lemma by contradiction. If we deny the conclusion above, 
there exist sequences {zk\T =1 C K± and {fk}kLi c 4± (M,/j,) such that 



II 2 ,(M, M ) = 1; , lim HAL 2 (M, M )=0; lim z fe = Zoo e x±, 



where u k — u(zk, fk) and we have used the fact that K± is compact. By Lemma 
8.4, by taking a subsequence if necessary, we may assume that there exists Moo € 
L 2 _ L _ ,(M,fjb) such that 



lim \\u k - UocIIl 2 , ,(m,h) = 0- 
Then, by taking the limit of the equation 

-Lu k - z k u k = fk, 

we see that 

(99) -Luoo - ZooUqc = 

holds in the sense of distribution. But elliptic regularity theorem implies that 
u e C°°(M) and (95) holds in the sense of C°°(M). Hence, if Imz^ ^ 0, = 
by Lemma 8.1 and Proposition 8.1 (i); if Imz^ = 0, = by Lemma 8.3 and 
8.5. This contradicts the fact that 



II u oo||l 2 1 im,h) = lim IKIL 2 1 ,(m )M ) = !■ 
Thus, we have proved Lemma 8.5 □ 
Now, recall again that 

/= (( Cl ) 2 ,^)-{( Cj ) 2 | j = 2,- •• ,m}; 
n + = {z = s + it€C|o> (ci) 2 , 6 > 0} - {{ Cj f I j = 2,3, • •• ,m} ; 
n_ = {z = a + ife e C | a > (ci) 2 , 6 < 0} - {(cj) 2 | j = 2, 3, • • • , to} . 
We are now ready to prove the following: 
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Theorem 8.1 (principle of limiting absorption). Let s and s' be constants satisfying 
(74). Then, in the Banach space B M (i + s, — | — s'), we have the limit 

(100) R- L (X±iO) = limi?_ L (A±ie), Ael. 

Furthermore, this convergence is uniform on any compact subset of I, and R-l(z) 
is continuous on II + and II_ with respect to the operator norm || * || B(j (i +s _i_ s /) 
6?/ considering R-l(X + zO) and R-l(X — iO) on II + n (0, oo) and II_ n (0, oo), 
respective/?/. 

Proof. Let if be any compact subset of I. We will show that there exists an 
operator R-l(X + iO) in B M (i + s, — \ — s') such that 

(101) lim sup \\R_ L (X + iO) - i?- L (A + ir)|| B ( i +S; _i_ s , } = 

by contradiction. If we assume the contrary, there exist constant £o > and 
sequences {r j J}^ =1 , {t 2 }^ of positive numbers, {fk}f=i C (M,/z), and 

{Afe}feLi C if such that 

(102) 0<r fe 1 ,r fe 2 <l/fc; 

(103) II AIL 2 (M, M) = i; 

(104) \\u(X k + iTl,f k ) -u(\ k + iT%,f k )\\ L 2 i (m, m )>^o, 

where we have used the same notation as in Lemma 8.6. Since K is compact, we 
may assume that 

lim \ k = Aoo 

k — >oo 

by taking a subsequence if necessary; from (103), we may also assume that 

fk -» foe (k —> oo) weakly in L| +g (M, /j) 

by taking a subsequence if necessary; by Lemma 8.4 and Lemma 8.6, we may also 
assume that there exist Uj,,,^ € L 2 _ L _ s , (M, [/,) such that 

(105) lirn^ ||u(A fe +iTfe,/ fe ) - UooII^^^^m^) =0; 

(106) lim \\u(\k+iTk,f k ) - w'oJIl 2 . (m, m ) = 0, 

by taking a subsequence successively if necessary. Then, Lemma 8.5 implies that 
Moo and u'qq are outgoing solutions to the same equation (12) with z = A M and 
/ — /oo- However, the uniqueness of solution, Lemma 8.3, implies that = u'^, 
which contradicts our assumptions (104), (105), and (106). Thus we have proved 
the desired result (100). 

The proof of the fact that there exists an operator R-l(X — i 0) G B^d + s, — \ — 
s') such that 

lim sup \\R_ l (X-i0)-R- L (X-it)\\ b ( i + i s , } =0 

is quite the same. Thus, we have completed the proof of Theorem 8.1. □ 

Theorem 8.2 (absolutely continuous). Let (M,g) be a Riemannian manifold as in 
Theorem 8.1. Then, —L is absolutely continuous on ((ci) 2 ,oo) and has no singular 
continuous spectrum. 
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Proof. First, note that the essential spectrum of — L is equal to [(ci) 2 , oo) (see [To] . 
[TO]), because 

Ar — > 2cj (r — > oo) on £7j (j = 1, 2, • • • , m). 
From Theorem 8.1, we see that — L is absolutely continuous on I = ((c!) 2 ,oo) — 
{( c j) 2 I 3 = 2, ■ • • ,m}. Indeed, we can identify ^M +s ,( M, with L 2 _ L _ g , (M, /z) 
as follows: for u 6 L 2 _i_ ,(M, /z), the mapping 



i| +s /(M,/i) («,u)i +a / _i_ a / := J uvdfi 

defines this identification u e ^i +g/ (M, /z)^ = L 2 _i_ s ,(M, [i). Furthermore, since 
L| , (M,/z) C if , ,(M,/z), we have for u S L 2 . (M,/z) 



(R- L (\±ie)u,u) L2 ( Mfi) = (u,R- L (\±i£)u)i +s ,_i_ s ,. 

With these understandings, by Theorem 8.1, we see that 

(1) L\ (M,/z) is dense in L 2 (M,fi); 

(2) For any open subinterval J C I and any u £ L\ (M, /x), the limit 

Um(Ji_£(A±ie)«,u) ia(Mi/i) 

exists, and, for each fixed u € L\ (M, /z), this convergence is uniform on 
any compact subset of J. 
Hence, by the Stone's formula: if E_l{{o\) = E-l{{o}) = 0, 

B_ L ((o,6)) = B-Iim-^ T / {i?_ L (A + t £)-i?- L (A- t £)}dA, 
eio 2th 7 a 

and Theorem XIII. 19 in [27], we see that — L is absolutely continuous on I = 
((ci) 2 ,oo) - {{cj) 2 | j = 2, - •• ,m} (see also Theorem XIII.20 in [27]). 

Besides, applying Theorem 2.1 or 2.2 on E\, we see that (cj) 2 ^ a p (—L) for j = 
2, • • • , m with (a,) 2 > (ci) 2 , and hence, — L is absolutely continuous on ((ci) 2 ,oo). 
Here, o~ p (—L) stands for the point spectrum of —L. Thus, — L has no singular 
continuous spectrum. □ 

Corollary 8.1. Let (M,g) be a Riemannian manifold as above. If M has at least 
one end which satisfies "SFF(^, 6)" for some a > and S > 0, then —L is absolutely 
continuous on (0, oo) and is not the eigenvalue of —L. 

Since the multiplication operator e w : L 2 a {M, vm) — > ^{M,^) is a unitary 
operator for any a € R, operators — L and —A are unitarily equivalent. Hence, 
Theorem 8.1, Theorem 8.2 and Corollary 8.1 imply Theorem 1.1, Theorem 1.2 and 
Corollary 1.1, respectively. 

Proof of Corollary 1.2. 

For any positive constant e satisfying (ci) 2 < (cj) 2 — e, set 

I 3 (e) = (( Cl ) 2 ,(c 3 ) 2 -e). 

Then, E-a strongly converges to E-a (Ij) as e — > +0. Hence, it suffices 

to consider the case that u = E-a (Ij(e)) U. By theorem 1.2, u is an element 
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in the absolutely continuous subspace of —A, and hence, for any v G L 2 (M 7 v g ), 
(.E_a(A)u, v) (A e B) is an absolutely continuous signed measure. Hence, there 
exists a function /(A) e ^(R) such that 

(£-A(A)u,«)i2(jif,„ ) = / /(A) cZA for any AeB. 

Therefore, 

(107) (e'^fl-AK^^^f e riA A fc (l + A)d(£_ A (A) u , v ) 

= f e ltx \ k (l + \)f(X)d\. 
Jij( s ) 

Riemann-Lebesgue lemma implies that the last term of (107) converge to zero as 
t — > ±. Thus, e ItA A fe (l — A)u weakly converges to zero as t — > ±00 in L 2 (M, v g ) 
for each nonnegative integer k. Set 



Xu(R) ( X ) 



1, if x e 

0, if a: &M-U(R). 



Then, X[/(m (1 — A)^ 1 is a compact operator on L 2 (M, v ff ), by the Rellich's lemma. 
Therefore, Xu(r) A k e ltA u = X[/(k) (1 — A) _1 e* tA A fe (l — A)u strongly converges to 
zero as t — > ±00 in L 2 (M,v g ), that is, 

lim / |A fe e JtA u| 2 dw 9 = 

for any nonnegative integer A; and i? > 0. Thus, by Sobolcv embedding theorem, 
we see that, for any nonnegative integer k and real number R > 0, 

(108) e JtA u -> (as i -> ±00) on C7(i?) in the sense of C" fe -topology. 

Now, we shall prove 



(109) lim / \e ltA u\ 2 dv g = 

t_> °° Ju{Bfc|c fc > C:j , fe=2,-.- ,m} 

by contradiction. If we assume contrary, there exist ji G {2, • • • , to} satisfying 
c j! > Cj, a positive constant a Jl; and a divergent sequence of real numbers {t^}^! 
such that 

(110) lim / \e tteA u\ 2 dv g > a h > 0. 
^00 Je,-, 



Then, since 
inf <^ 



L 2 (E jl (R,oo),v g ) 



\l 2 (E n (R.^),v g ) 



h e C °° (Ejj (i?, 00)) I -» ( Cjl ) 2 as i? -» 00, 



we see that (108) and (110) yield 



(111) lim ||A fc e^ A U ||| 2(M ., g) = V hm ||AV« A - 



>^JA k e^u\\ 2 L2{EHiVg) 

>(cn) 4k a h . 
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On the other hand, since u = E (Ij (e)) u, we have, for any t e R 

(112) \\& k e itA u\\l 2{MiVg) = [ \ 2k d\\E_ A (\)u\\ 2 

<{{cjf-ef k ( d\\E. A {\)u\\ 2 
=(( c j) 2 - £ ) 2k \\ u \\h(M,v g )- 

From (111) and (112), we get 

(113) 2k \\ u \\ 2 L 2 (M,v g ) — a h f° r au nonnegative integer k, 

where 9 = ((cj) 2 — e)/(cj) 2 . Since 9 € (0,1), letting k — > oo in (113), we have 
= 0, which contradicts (110). This completes the proof of the equation (109). 
The proof of the fact that 

(114) lim f \e ltA u\ 2 dv g = 

t-»-oo Ju{Bfc|c fc >Cj, fe=2,--- ,m} 

is quite the same. Thus, we have completed the proof of Corollary 1.2. 

9. Further discussions 

We shall add some discussions about the uniqueness of solution. In Theorem 
1.1, we have assumed that the lower bound of the Ricci curvature (5) or (6) on the 
first end E\ . This condition is required only to ensure the uniqueness of solution 
(see Lemma 8.3). Therefore, if we assume this Ricci curvature condition on the 
j-th end Ej, we have the following: 

Theorem 9.1. In Theorem 1.1, let us replace the conditions (5) and (6) with the 
following conditions (115) and (116), respectively: 

(115) Ric ff (Vr, Vr) > -(n - 1)^^ on E 3 if k x = 0, 
or 

(116) Ric g (Vr,Vr) > -( n - 1) j(fci) 2 + j on Ej if fci > 0, 

where b±(t) is a positive-valued function of t e [0, oo) satisfying lim 4 ^ 00 6i(t) = 
and 1 < j < m is an integer. Then, in the Banach space B(i+s,— | — s'), we 

i2(A±i0) = limi?(A±ie), A e 

w/iere we set Ij = ((cj) 2 ,oo) — {(cfe) 2 | j < fc < m} ; and s and s' are constants 
satisfying (74). Moreover, this convergence is uniform on any compact subset of Ij 
and —A is absolutely continuous on ((cj) 2 ,oo). 

In view of Proposition 6.1, we also see that the following holds: 

Theorem 9.2. Let(M,g) be an n-dimensional Riemannian manifold. Assume that 
ends of M consists of E\,--- ,E m each of which has radial coordinates. Assume 
tha there exist a sequence of real numbers 

= k\ = k<L = • • • = k mo < fc mo + l < fcmo+2 5: " " " k mi , 
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sequence of positive numbers 



< ai < ■ ■ ■ < a mo , 

and a constant 7 such that 

(117) Ej satisfies the condition "SFF (— , (1 < 3 < ™o); 

(118) Ej satisfies the condition "SFF (kj, 5)" (m + 1 < j < mi); 

(119) lim inf{Ar(ar) | x £ E mi+1 {t, 00) U ■ • • U E m (t, 00)} > 7 > (ci) 2 , 

t^oo 

w/iere 

< mo < mi and 1 < mi < to — 1. 
Moreover, assume that 

Ei satisfies that (5) or (6). 
Then, in the Banach space B(i + s, — ^ — s'), we /iawe i/ie limit 

R{X±iO) = ]jm R(\±ie), X e I' := ((ci) 2 , 7 ) - {{c k f \ 1 < k < mi}, 

where s and s' are constants satisfying (42). Moreover, this convergence is uniform 
on any compact subset of I' and —A is absolutely continuous on ((ci) 2 ,7). 

Note that, in Theorem 9.2, we do assume neither (117) or (118) on ends E mi+ i, 
• • • , E m but assume (119). 

Reflecting on the arguments in Section 8, we see that the precompact lemma, 
Lemma 8.4, is crucial and it follows from decay estimates of the solution to (12) on 
every ends. Hence, if A 6 applying Proposition 6.1 for the ends E mi J r i, • • • , E m , 
and applying the arguments in Section 8 for the rest of ends, we get the precompact 
lemma and see that Theorem 9.2 holds. 

In Theorem 9.2, we do not know whether the Laplacian with Dirichlet bound- 
ary condition on ends E mi +x, ■ ■ ■ , E m may have the singular continuous spectrum. 
Hence, the Laplacian on (M, g) may also have the singular continuous spectrum 
contained in the interval (7, 00). 

Finally, note that absence of eigenvalue theorems, Theorem 2.1 and Theorem 
2.2, are extended in Theorem 1.1 in [T7] and Theorem 1.2 in [T^]; these theorems 
is required only for the uniqueness of solution (see Lemma 8.3), and hence, we see 
that the following holds: 

Theorem 9.3. In Theorem 1.1, let us replace conditions (5) and (6) with the 
following (120) and (121), respectively: 

(120) Ric ff (Vr, Vr) > -(n- 1)^ on Ei(R Q , 00) 
and 

(121) Ric g (Vr, Vr) > -(n- l)(fci) 2 ^1 + ^y-^j on Ei(Ro, 00), 
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where b\ and Rq are positive constants. Set 

2 

if (120) holds, 

(122) (3 



1 ( (n - 1)6 



4 [ 2ai 
(n-l) 2 (fci) 2 



(1 + 26i) if (121) holds. 



4 

Then, the statements in Theorem 1.1 /ioW on the interval (/3, oo) m s£ead o/ £/ie 
interval I . 
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